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Abstract
Boundary layer flow of a viscoelastic fluid subjected to an external pressure gradient, surface mass flux and
nonisothermal surface temperature is considered. We show that for a FENE-P fluid, the flow is governed by
a generalized Falkner–Skan equation which admits a similarity solution only when the streamwise coordinate
exponent of the inviscid velocity m = 1/3 (i.e. for axisymmetric stagnation point flow). We find that skin friction
drag decreases while heat transfer at the plate increases as polymer extensibility decreases.
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1. Introduction
Boundary layer flow for non-Newtonian fluids has been studied for a second grade fluid in [1,2], for
a Walter’s B′ fluid in [3] and for an Oldroyd-B fluid in [4]. In this work we will analyze the viscous
boundary layer flow past a flat plate at non-zero pressure gradient for a viscoelastic fluid governed by
the FENE-P (finitely extensible nonlinear elastic–Petelin) dumb-bell model [5]. We derive a generalized
Falkner–Skan equation for the flow and show that similarity solutions exist only for the special case
when the streamwise coordinate exponent of the inviscid velocity m = 1/3, which corresponds to
axisymmetric stagnation point flow.
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2. Boundary layer equations
In terms of the stream function χ defined by u = χy , v = −χx , the boundary layer equations for flow
past a semi-infinite flat plate are
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with boundary conditions
∂χ
∂y
= 0, ∂χ
∂x
= −vw(x), T = Tw(x), when y = 0, (3)
∂χ
∂y
→ ue(x), T → Te as y → ∞. (4)
Here ue is the inviscid velocity, Tw(x) is the wall temperature and Te the temperature at the edge of
the boundary layer; ηs is the solvent viscosity, νs = ηs/ρ, cp is the specific heat, and k is the thermal
conductivity. The extra stress τxy arising from the viscoelastic property of the fluid depends on the
constitutive model adopted. For a FENE-P fluid [5],
τxy = ηp
λ
Z−1 Axy, (5)
where λ is the relaxation time, ηp is the polymer viscosity and Axy is a component of the configura-
tion tensor A defined as the ensemble averaged dyad of the end-to-end distance of the polymer chains.
The Weissenberg number, a measure of the fluid elasticity, is defined as We = λU∞/L where U∞ is a
characteristic velocity and L a characteristic length, while the Reynolds number is Re = U∞L/ν. The
kinematic viscosity is given by ν = (ηs + ηp)/ρ. We will consider the case Re  1, and We  1, such
that We2Re = O(1). Then the components of the configuration tensor satisfy the following equations:
Z−1 Axx − 2λAxy ∂
2χ
∂y2
= 1, (6)
Z−1 Axy − λAyy ∂
2χ
∂y2
= 0, (7)
Z−1 Ayy = 1, Z−1 Azz = 1, (8)
where Z = 1 − 1b (Axx + Ayy + Azz) and b is an extensibility parameter. In the limit b → ∞ the
FENE-P model reduces to that of Oldroyd-B. From Eqs. (6)–(8) we obtain Axx = 2λ2 Z3( ∂2χ∂y2 )2 + Z ,
Axy = λZ2 ∂2χ∂y2 , Ayy = Azz = Z , where Z satisfies the equation
κ
(
∂2χ
∂y2
)2
Z3 + Z − γ = 0, (9)
κ = 2λ2/(3+b) and γ = b/(3+b). Using these in (5) gives τxy = ηp Z ∂2χ∂y2 , so that (1) and (2) become
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where β = ηp/(ηs + ηp) is the retardation parameter.
3. Similarity solution
We introduce the transformations [6,7]
η =
√
m + 1
2
( ue
νx
)1/2
y, χ =
√
2
m + 1 (ueνx)
1/2 f (η),
T − Tw
Te − Tw = θ(η), Z = g(η).
For similarity solutions we take ue = C1xm ≡ U∞ x˜m and Tw − Te = C2xn ≡ T∞ x˜ n , where x˜ = x/L
is dimensionless. Then Eqs. (10) and (11) become
(H f ′′)′ + f f ′′ + 2m
m + 1 [1 − ( f
′)2] = 0, (12)
θ ′′ + Pr f θ ′ + Pr 2n
m + 1 f
′(1 − θ) = H Ecx˜2m−n( f ′′)2, (13)
while Eq. (9) becomes
Λg3( f ′′)2 + g − γ = 0. (14)
If we choose the mass transfer rate as vw(x) = − fw√(m + 1)/2√(νue/x) where fw is constant, then
the boundary conditions become
f (0) = fw, f ′(0) = 0, θ(0) = 0, f (∞) = 1, θ(∞) = 1. (15)
Negative values of fw correspond to blowing/injection, while positive values correspond to suction. Here
H = 1 − β + βg, Ec = U 2∞/(cpT∞) is the Eckert number, Pr = cp(ηs + ηp)/k is the Prandtl number,
and Λ = (m + 1)E/(3 + b). The parameter E is defined by
E ≡ λ2u3e/(νx) = We2x Rex , (16)
where the local Weissenberg number Wex = λue/x and the local Reynolds number Rex = uex/ν.
Substituting for ue in Eq. (16), we have
E = E0 x˜3m−1, (17)
where E0 = We2Re is assumed to be (O(1)). For a Newtonian fluid β = 0, so H = 1 and (12) reduces to
the Falkner–Skan equation. In the limit b → ∞, Λ = 0 and the solution of Eq. (14) is g = 1 and Eq. (12)
again reduces to the Falkner–Skan equation. In this case the viscoelastic effect enters as a higher order
correction (O(Re)) to the Newtonian case [4]. From Eqs. (13) and (17) we see that similarity solutions
exist only if m = 1/3 and n = 2m. The case m = 1/3 corresponds to axisymmetric stagnation point
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(a) Plot of f , u = f ′, and u = f ′′. (b) Plot of θ .
Fig. 1. Solution of Eqs. (12) and (13) for fw = 0, Pr = 1, and b = 100.
(a) % decrease in drag. (b) % increase in heat transfer.
Fig. 2. Percentage change in drag and heat transfer at the plate for Pr = 5.0, Ec = 1.0 and selected values of fw .
flow. The skin friction coefficient and local Nusselt number are given by [6,7]
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where the local Reynolds number is Rex∞ = U∞x/νs .
4. Solutions and discussion
We have computed the solution of Eqs. (12)–(15) for the case m = 1/3, n = 2/3, β = 1.0, and
E0 = 5.0 using a second order accurate finite difference scheme. Graphs of f , f ′, f ′′ and θ for
selected values of the parameters are shown in Fig. 1. The skin friction coefficient is proportional to
C f ∗b = [1−β+βg(0)] f ′′(0) while heat transfer at the plate is proportional to θ ′(0). Our results show that
the skin friction decreases while the heat transfer at the plate increases as polymer extensibility decreases.
In Fig. 2(a) we plot 100(C f ∗∞−C f ∗b )/C f ∗∞ versus b and in Fig. 2(b) we plot 100|[θ ′b(0)−θ ′∞(0)]/θ ′∞(0)|
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versus b. The percentage reduction in drag from the Oldroyd-B case (b = ∞) is shown in Fig. 2(a). When
b = 10 the reduction ranges from about 27% for fw = −1.0 (blowing) to 23% for fw = 0 (impermeable
wall) to 15% for fw = 1.0 (suction). An increase in drag reduction as polymer extensibility decreases
has also been reported from direct numerical simulation of turbulent boundary layer flow at zero pressure
gradient [8]. For Ec = 1, and fw = 0, θ ′(0) = −0.11466 when b = ∞, θ ′(0) = 0 when b 	 34, and
θ ′(0) = 0.18287 when b = 10. Thus the absolute increase in heat transfer is about 260% when b = 10,
and about 38% when b = 100 (see Fig. 2(b))!
References
[1] A.C. Srivastava, The flow of a non-Newtonian liquid near a stagnation point, Z. Angew. Math. Phys. 9 (1958) 80–84.
[2] M. Massoudi, Boundary layer flow of a second grade fluid with variable heat flux at the wall, Appl. Math. Comput. 143
(2003) 201–212.
[3] D.W. Beard, K. Walters, Elastico-viscous boundary layer flow, Proc. Camb. Phil. Soc. 60 (1964) 667–674.
[4] R.K. Bhatnagar, G. Gupta, K.R. Rajagopal, Flow of an Oldroyd-B fluid due to a stretching sheet in the presence of a free
stream velocity, Internat. J. Non-Linear Mech. 30 (3) (1995) 391–405.
[5] R.B. Bird, R.C. Armstrong, O. Hassager, Dynamics of Polymeric Liquids, vol. 1, John Wiley and Sons, 1987.
[6] H. Schlichting, Boundary-Layer Theory, McGraw-Hill Pub Co, 1987.
[7] T. Cebeci, P. Bradshaw, Physical and Computational Aspects of Convective Heat Transfer, Springer-Verlag, 1984.
[8] C.D. Dimitropoulos, Y. Dubief, E.S.G. Shaqfeh, P. Moin, S.K. Lele, Direct numerical simulation of polymer-induced drag
reduction in turbulent boundary layer flow, Phys. Fluids 17 (011705) (2005) 1–4.
